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Abstract
Long-time behavior of solution and semi-discrete scheme for one nonlinear parabolic integro-differential equation are studied.
Initial–boundary value problem with mixed boundary conditions are considered. Attention is paid to the investigation of more wide
cases of nonlinearity than already were studied. Considered model is based on Maxwell’s system describing the process of the
penetration of a magnetic field into a substance.
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1. Introduction
Integro-differential equations of parabolic type arise in the study of various problems in physics, chemistry, tech-
nology, economics, etc. (see, for example, [1–3] and references therein). One such model is obtained by mathematical
modeling of processes of electromagnetic field penetration in the substance. In the quasi-stationary approximation the
corresponding system of Maxwell’s equations has the form [4]:
∂H
∂t
= − rot(νm rot H), (1.1)
∂θ
∂t
= νm (rot H)2 , (1.2)
where H = (H1, H2, H3) is a vector of the magnetic field, θ is temperature, νm characterizes the electro-conductivity
of the substance. Eq. (1.1) describes the process of diffusion of the magnetic field and Eq. (1.2)—change of the tem-
perature at the expense of Joule’s heating. If νm depends on temperature θ , i.e., νm = νm(θ), then the system (1.1),
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(1.2) can be rewritten in the following form [5]:
∂H
∂t
= − rot

a
 t
0
 rot H 2 dτ rot H, (1.3)
where function a = a(S) is defined for S ∈ [0,∞).
Note that integro-differential parabolic models of (1.3) type are complex and still yields to the investigation only
for special cases (see, for example, [6–9,5,10–16] and references therein).
Study of the models of type (1.3) has begun in the work [5]. In particular, for the case a(S) = 1 + S the theorems
of existence of solution of the first boundary value problem for scalar and one-dimensional space case and uniqueness
for more general cases are proved in this work. One-dimensional scalar variant for the case a(S) = (1 + S)p,
0 < p ≤ 1 is studied in [7]. Investigations for multi-dimensional space cases at first are carried out in the work [8].
Multidimensional space cases are also discussed in the following works [11,14].
Asymptotic behavior as t →∞ of solutions of initial–boundary value problems for (1.3) type models are studied
in the work [9,11–13] and in a number of other works as well. In these works main attention is paid to one-dimensional
analogs.
Interest to above-mentioned integro-differential models is more and more arising and initial–boundary value
problems with different kinds of boundary and initial conditions are considered. Particular attention should be paid
to construction of numerical solutions and to their importance for integro-differential models. Finite element analogs
and Galerkin method algorithm as well as settling of semi-discrete and finite difference schemes for (1.3) type one-
dimensional integro-differential models are studied in [10,13,17,16] and in the other works as well.
Our aim is to study long-time behavior of solution and semi-discrete scheme for numerical solution of
initial–boundary value problem with mixed boundary condition for the one-dimensional (1.3) equation. Attention
is paid to the investigation of more wide cases of nonlinearity than already were studied.
This article is organized as follows. In Section 2 the formulation of the problem and asymptotic behavior of solution
is studied. Main attention is paid to construction and investigation of semi-discrete scheme in Section 3. We conclude
the paper with some discussion of future research in this area in Section 4.
2. Long-time behavior of solution
If the magnetic field has the form H = (0, 0,U ), U = U (x, t), then from (1.3) we obtain the following nonlinear
integro-differential equation
∂U
∂t
= ∂
∂x

a(S)
∂U
∂x

, (2.1)
where
S(x, t) =
 t
0

∂U
∂x
2
dτ. (2.2)
In the domain (0, 1)× (0,∞) let us consider the following initial–boundary value problem for (2.1), (2.2):
U (0, t) = ∂U (x, t)
∂x

x=1
= 0,
U (x, 0) = U0(x), (2.3)
where U0 is a given function.
The study of long-time behavior of solution of the problem (2.1)–(2.3) is actual.
The following statement shows the exponential stabilization of the solution of problem (2.1)–(2.3) in the norm of
the Sobolev space H1(0, 1).
Theorem 1. If a(S) = (1 + S)p, 0 < p ≤ 1 and U0 ∈ H2(0, 1), U0(0) = ∂U (x,t)∂x

x=1 = 0, then for the solution of
problem (2.1)–(2.3) the following estimate holds as t →∞∂U∂x
+ ∂U∂t
 ≤ C exp− t2

.
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Theorem 1 can be proven using analogical method as in [9].
Now let us prove the main result of this section that gives exponential stabilization of solution in the norm of the
space C1(0, 1).
Theorem 2. a(S) = (1 + S)p, 0 < p ≤ 1 and U0 ∈ H3(0, 1), U0(0) = dU0(x)dx

x=1 = 0 , then for the solution of
problem (2.1)–(2.3) the following estimates hold as t →∞:∂U (x, t)∂x
 ≤ C exp− t2

,
∂U (x, t)∂t
 ≤ C exp− t2

,
uniformly in x on [0, 1].
Proof. From (2.2) it follows that
∂S
∂t
=

∂U
∂x
2
, S(x, 0) = 0. (2.4)
Let us multiply (2.4) by (1+ S)2p
1
1+ 2p
∂(1+ S)1+2p
∂t
=

∂U
∂x
2
(1+ S)2p.
Note that Eq. (2.1) can be rewritten as
∂U
∂t
= ∂σ
∂x
,
where
σ = (1+ S)p ∂U
∂x
. (2.5)
We have
1
1+ 2p
∂(1+ S)1+2p
∂t
= σ 2, (2.6)
σ 2(x, t) =
 1
0
σ 2(y, t)dy + 2
 1
0
 x
y
σ(ξ, t)
∂U (ξ, t)
∂t
dξdy. (2.7)
Introducing the following notation
ϕ(t) = 1+
 t
0
 1
0
σ 2dxdτ, (2.8)
from Theorem 1 and relations (2.6)–(2.8) we get
1
1+ 2p (1+ S)
1+2p =
 t
0
σ 2dτ + 2
 t
0
 1
0
 x
y
σ(ξ, τ )
∂U (ξ, τ )
∂τ
dξ dy dτ + 1
1+ 2p
≤ 2
 t
0
 1
0
σ 2(y, τ )dydτ +
 t
0
 1
0

∂U (x, τ )
∂τ
2
dxdτ + 1
1+ 2p
≤ 2
 t
0
 1
0
σ 2(y, τ )dydτ + C1
 t
0
exp(−τ)dτ + 1
1+ 2p ≤ C2ϕ(t),
i.e.,
1+ S(x, t) ≤ Cϕ 11+2p (t). (2.9)
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Analogously,
1
1+ 2p (1+ S)
1+2p =
 t
0
 1
0
σ 2(y, τ )dydτ + 2
 t
0
 1
0
 x
y
σ(ξ, τ )
∂U (ξ, τ )
∂τ
dξdydτ + 1
1+ 2p
≥ 1
2
 t
0
 1
0
σ 2(y, τ )dydτ − C2 = 12ϕ(t)− C3. (2.10)
We have
C3 (1+ S)1+2p ≥ C3. (2.11)
From (2.10) and (2.11) we get
1
1+ 2p + C3

(1+ S)1+2p ≥ 1
2
ϕ(t),
or
1+ S(x, t) ≥ cϕ 11+2p (t). (2.12)
Finally, from (2.9) and (2.12) it follows the following estimate
cϕ
1
1+2p (t) ≤ 1+ S(x, t) ≤ Cϕ 11+2p (t). (2.13)
Taking into account relations (2.8), (2.13) and Theorem 1 we have
dϕ(t)
dt
=
 1
0
(1+ S)2p

∂U
∂x
2
dx ≤ Cϕ 2p1+2p (t) exp(−t),
or
d
dt

ϕ
1
1+2p (t)

≤ C exp(−t).
After integrating from 0 to t , keeping in mind definition (2.8), we get
1 ≤ ϕ(t) ≤ C.
From this, using the estimate (2.13), we receive
1 ≤ 1+ S(x, t) ≤ C. (2.14)
Using estimation (2.14), the equality (2.5) and Theorem 1 from (2.7) we obtain
σ 2(x, t) ≤ 2
 1
0
(1+ S)2p

∂U
∂x
2
dx +
 1
0

∂U
∂t
2
dx ≤ C exp(−t),
or
|σ(x, t)| ≤ C exp

− t
2

.
This estimate, taking into account (2.14) and relation σ = (1+ S)p ∂U
∂x gives∂U (x, t)∂x
 ≤ C exp− t2

. (2.15)
Thus, the first part of Theorem 2 has been proven.
Now let us prove the second part of Theorem 2. By differentiating (2.1),
∂2U
∂t2
− ∂
∂x

∂(1+ S)p
∂t
∂U
∂x
+ (1+ S)p ∂
2U
∂t ∂x

= 0, (2.16)
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and multiplying (2.16) scalarly by ∂U/∂t , and using the formula of integration by parts, we obtain
1
2
d
dt
 1
0

∂U
∂t
2
dx +
 1
0
(1+ S)p

∂2U
∂t ∂x
2
dx + p
 1
0
(1+ S)p−1

∂U
∂x
3
∂2U
∂t ∂x
dx = 0. (2.17)
Using the Cauchy–Schwarz inequality in (2.17) leads to the relation
d
dt
 1
0

∂U
∂t
2
dx +
 1
0
(1+ S)p

∂2U
∂t∂x
2
dx ≤ p2
 1
0
(1+ S)p−2

∂U
∂x
6
dx . (2.18)
Let us take the inner product of (2.18) by exp(2t) and integrate the resulting equation over the interval (0, t). By
taking into account estimations (2.14), (2.15) and Theorem 1 and by performing simple manipulations, we obtain the
inequalities: t
0
exp(2τ)
d
dτ
 1
0

∂U
∂τ
2
dx dτ +
 t
0
exp(2τ)
 1
0
(1+ S)p

∂2U
∂x∂τ
2
dx dτ
≤ p2
 t
0
exp(2τ)
 1
0
(1+ S)p−2

∂U
∂x
6
dx dτ, t
0
exp(2τ)
 1
0

∂2U
∂x ∂τ
2
dx dτ ≤ − exp(2t)
 1
0

∂U
∂t
2
dx +
 1
0

∂U
∂t
2
dx

t=0
+ 2
 t
0
exp(2τ)
 1
0

∂U
∂τ
2
dx dτ + C
 t
0
exp(−τ)dτ,
or  t
0
exp(2τ)
 1
0

∂2U
∂x∂τ
2
dx dτ ≤ C exp(t). (2.19)
By taking the inner product of (2.16) by exp(2t)∂2U/∂t2 and by taking into account (2.15), the a priori estimates
(2.14) and (2.19), we obtain the relations: t
0
exp(2τ)
 1
0

∂2U
∂τ 2
2
dx dτ + 1
2
 t
0
 1
0
exp(2τ)(1+ S)p ∂
∂τ

∂2U
∂τ ∂x
2
dx dτ
+ p
 t
0
 1
0
exp(2τ)(1+ S)p−1

∂U
∂x
3
∂
∂τ

∂2U
∂τ ∂x

dx dτ = 0,
exp(2t)
2
 1
0

∂2U
∂t ∂x
2
dx ≤ 1
2
 1
0

∂2U
∂t ∂x
2
dx

t=0
+
 t
0
 1
0
exp(2τ)(1+ S)p

∂2U
∂τ ∂x
2
dx dτ + p
2
 t
0
 1
0
exp(2τ)(1+ S)p−1

∂U
∂x
2 
∂2U
∂τ ∂x
2
dx dτ
− p exp(2t)
 1
0
(1+ S)p−1

∂U
∂x
3
∂2U
∂t ∂x
dx + p
 1
0

∂U
∂x
3
∂2U
∂t ∂x
dx

t=0
+ 2p
 t
0
 1
0
exp(2τ)(1+ S)p−1

∂U
∂x
3
∂2U
∂τ ∂x
dx dτ
+ p(p − 1)
 t
0
 1
0
exp(2τ)(1+ S)p−2

∂U
∂x
5
∂2U
∂τ ∂x
dx dτ
+ 3p
 t
0
 1
0
exp(2τ)(1+ S)p−1

∂U
∂x
2 
∂2U
∂τ ∂x
2
dx dτ
≤ C1 + C2 exp(t)+ C3
 t
0
exp(2τ) exp(−τ)
 1
0

∂2U
∂τ ∂x
2
dx dτ
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+exp(2t)
4
 1
0

∂2U
∂t ∂x
2
dx + C4 exp(−t)+ C5
 t
0
exp(2τ)
 1
0

∂2U
∂τ ∂x
2
dx dτ
+C5
 t
0
exp(−τ)dτ + C6
 t
0
exp(2τ)
 1
0

∂2U
∂τ∂x
2
dxdτ + C6
 t
0
exp(−3τ)dτ
+C7
 t
0
exp(2τ) exp(−τ)
 1
0

∂2U
∂τ ∂x
2
dx dτ,
or  1
0

∂2U
∂t ∂x
2
dx ≤ C exp(−t). (2.20)
The a priori estimate (2.20), together with the relation
∂U (x, t)
∂t
=
 1
0
∂U (y, t)
∂t
dy +
 1
0
 x
y
∂2U (ξ, t)
∂ξ∂t
dξ dy
and Theorem 1, implies that∂U (x, t)∂t
 ≤ C exp− t2

.
Therefore, Theorem 2 has been completely proven. 
Using the a priori estimates of this article, the compactness method, a modified version of the Galerkin method
[2,18] the existence and uniqueness of the solution can be proven.
Let us note that same results as in Theorems 1 and 2 are true for problem with first type homogeneous conditions
on whole boundary (see, for example, [11] and references therein).
3. Semi-discrete scheme
Let us again consider in (0, 1)× (0, T ) problem (2.1)–(2.3) written in the following form:
∂U
∂t
= ∂
∂x

1+
 t
0

∂U
∂x
2
dτ
p
∂U
∂x

, (3.1)
U (0, t) = ∂U (x, t)
∂x

x=1
= 0,
U (x, 0) = U0(x), (3.2)
where 0 < p ≤ 1, T is positive number and U0 is a given function.
On [0, 1] let us introduce a net with mesh points denoted by xi = ih, i = 0, 1, . . . , M , with h = 1/M . The
boundaries are specified by i = 0 and i = M . In this section the semi-discrete approximation at (xi , t) is designed
by ui = ui (t). The exact solution to the problem at (xi , t) is denoted by Ui = Ui (t). At points i = 1, 2, . . . , M − 1,
the integro-differential equation will be replaced by approximation of the space derivatives by forward and backward
differences. We will use the following known notations [19]:
ux,i (t) = ui+1(t)− ui (t)h , u x¯,i (t) =
ui (t)− ui−1(t)
h
.
Let us correspond to problem (3.1)–(3.2) the following semi-discrete scheme:
dui
dt
=

1+
 t
0

u x¯,i
2 dτpu x¯,i
x
, i = 1, 2, . . . , M − 1, (3.3)
u0(t) = u x¯,M (t) = 0, (3.4)
ui (0) = U0,i , i = 0, 1, . . . , M. (3.5)
So, we obtained Cauchy problem (3.3)–(3.5) for nonlinear system of ordinary integro-differential equations.
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Introduce usual inner products and norms [19]:
(u, v) = h
M−1
i=1
uivi , (u, v] = h
M
i=1
uivi ,
∥u∥ = (u, u)1/2, ∥u]| = (u, u]1/2.
Multiplying Eqs. (3.3) scalarly by u(t) = (u1(t), u2(t), . . . , uM−1(t)), after simple transformations we get
d
dt
∥u(t)∥2 + h
M
i=1

1+
 t
0

u x¯,i
2 dτp u x¯,i 2 = 0.
From this we obtain the inequality
∥u(t)∥2 +
 t
0
∥u x¯∥2dτ ≤ C, (3.6)
where, here and below in this section, C denotes a positive constant which does not depend on h.
The a priori estimate (3.6) guarantees the global solvability of the problem (3.1)–(3.2).
The principal aim of the present section is the proof of the following statement.
Theorem 3. If problem (3.1)–(3.2) has a sufficiently smooth solution U = U (x, t), then for 0 < p ≤ 1 the solution
u = u(t) = (u1(t), u2(t), . . . , uM−1(t)) of problem (3.1)–(3.2) tends to U = U (t) = (U1(t),U2(t), . . . ,UM−1(t))
as h → 0 and the following estimate is trueu(t)−U (t) ≤ Ch. (3.7)
Proof. For U = U (x, t) we have:
dUi
dt
−

1+
 t
0
(Ux¯,i )
2dτ
p
Ux¯,i

x
= ψi (t), i = 1, 2, . . . , M − 1, (3.8)
U0(t) = Ux¯,M (t) = 0, (3.9)
Ui (0) = U0,i , i = 0, 1, . . . , M, (3.10)
where
ψi (t) = O(h).
Let zi (t) = ui (t)−Ui (t). From (3.1)–(3.2) and (3.8)–(3.10) we have:
dzi
dt
−

1+
 t
0
(u x¯,i )
2dτ
p
u x¯,i −

1+
 t
0
(Ux¯,i )
2dτ
p
Ux¯,i

x
= −ψi (t), (3.11)
z0(t) = z x¯,M (t) = 0, zi (0) = 0.
Multiplying Eq. (3.11) scalarly by z(t) = (z1(t), z2(t), . . . , zM−1(t)), using the discrete analog of the formula of
integration by parts we get
1
2
d
dt
∥z∥2 +
M
i=1

1+
 t
0
(u x¯,i )
2dτ
p
u x¯,i −

1+
 t
0
(Ux¯,i )
2dτ
p
Ux¯,i

z x¯,i h = −h
M−1
i=1
ψi zi . (3.12)
Note that,
1+
 t
0
(u x¯,i )
2dτ
p
u x¯,i −

1+
 t
0
(Ux¯,i )
2dτ
p
Ux¯,i

(u x¯,i −Ux¯,i )
= p
 1
0

1+
 t
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )
2dτp−1 d
dt
 t
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )

(u x¯,i −Ux¯,i )dτ
2
dξ
+
 1
0

1+
 t
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )
2dτpdξu x¯,i −Ux¯,i 2.
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After substituting this equality in (3.12), integrating received equality on (0, t) and using formula of integration by
parts we get
∥z∥2 + 2h
M
i=1
 t
0
 1
0

1+
 t ′
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )
2dτ ′p u x¯,i −Ux¯,i 2 dξ dτ
+ ph
M
i=1
 1
0

1+
 t
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )
2dτp−1 t
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )

(u x¯,i −Ux¯,i )dτ
2
dξ
− p(p − 1)h
M
i=1
 1
0
 t
0

1+
 t ′
0

Ux¯,i + ξ(u x¯,i −Ux¯,i )
2dτ ′p−2Ux¯,i + ξ(u x¯,i −Ux¯,i )2
×
 t ′
0

Ux¯,i + xi(u x¯,i −Ux¯,i )

(u x¯,i −Ux¯,i )dτ ′
2
dξ dτ = −2h
M−1
i=1
ψi zi .
Taking into account relation 0 < p ≤ 1 we have from last equality
∥z(t)∥2 ≤
 t
0
∥z(τ )∥2dτ +
 t
0
∥ψi∥2dτ. (3.13)
From (3.13) we get (3.7) and Theorem 3 thus is proved. 
4. Conclusions
Nonlinear integro-differential equation associated with the penetration of a magnetic field in a substance is
considered. Long-time behavior of solution of initial–boundary value problem with mixed boundary conditions is
studied. The semi-discrete scheme is investigated for that model as well. One must note that convergence of the fully
discrete scheme for p = 1 can be also proven [10]. It is important to construct and investigate fully discrete finite
difference schemes and finite element analogs studied in this note type models for more general type nonlinearities
and for multi-dimensional cases as well.
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